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Pumping Lemma for Quantum Automata
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Rugian Lu and Hong Zheng®

Received

Not all lattice-valued quantum automata possess the pumping property in its strict
form. However the pumping lemma can be generalized, and all lattice-valued quantum
automata possess the generalized pumping property.

KEY WORDS: pumping lemma; generalized pumping lemma; lattice-valued quantum
automata.

1. INTRODUCTION

The pumping lemma is a classical and important concept in formal language
theories. It plays a crucial role in recognizing the family of regular languages and
also of context free languages. When generalizing traditional finite state automata
to quantum automata, it is natural to ask whether something like the pumping
lemma still exists in the new theory and what kind of role it plays. Many authors
have discussed this problem. With respect to finite state quantum automata on
Hilbert Spaces, Moore and Crutchfield (2000) have proved a weak form of pumping
lemma, which states that, in some sense, the acceptance degree of the pumped
input string uv'w can approximate that of the original string uvw to any degree
of exactness. On the other hand, Ying has proved a pumping lemma of lattice-
valued finite state quantum automata (Ifqa for short) under the assumption of
some quantum logic rules (Ying, 2000a,b). Qiu also published a similar lemma
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1192 Lu and Zheng

while generalizing the Ifqa concept (Qiu, 2003). All these works are based on a
formulation of the pumping lemma that is quite similar to that in traditional finite
state automata theory (Hopcroft and Ullman, 1979). Since the acceptance of an
input string by a Ifqa has to get rid from the two-valued Boolean framework (a
dichotomy of accepted or rejected) and based on lattice values (using lattice value
to represent the degree of acceptance), the pumping lemma in quantum case should
also stay away from the (0, 1) switch and follow the lattice-valued approach.

In this paper, we will introduce a new concept of pumping property for Ifqa and
prove a series of results with respect to this concept. The main result of this paper is
the conclusion that the traditional pumping lemma can be generalized such that the
generalized pumping lemma holds for lattice-valued finite state quantum automata.

2. BASIC DEFINITIONS OF LATTICE-VALUED
FINITE STATE QUANTUM AUTOMATA

First we repeat the definition of a Ifqa defined by Ying (Ying, 2000a) in a
slightly different notation. At the same time we introduce a new version of lfqa
and compare their acceptance characteristics.

Definition 2.1.(Ying, 2000a). Let!/ = (L, <, 0, 1) be a lattice, X be a finite input
alphabet. A Ifqa Rdefinedon (/, X)isaquadruple R = (Q, I, T, A),wherel C Q
is a set of initial states, T C Q is a set of terminating states, A is a set of / valued
functions defined on Q x £ x Q: for each q1,¢» € Q and x € X, §(q1, X, q2) €
A is an element of /. Note that only those §(q, x, g2), which are not equal to 0
(least element of /) are listed in A. 6(q;, x, g2) is called the acceptance degree of
x that the state ¢ is transformed to g, when the symbol x is inputted. Intuitionally,
corresponding to each 8(q1, x, ¢2), a pair (x, §(q1, X, ¢2)) is attached to the arc
from g, to qs.

Definition 2.2. (Lu and Zheng, 2003). The lfqa are classified in type A 1fqa and
type B 1fqa according to the way the acceptance degree of a whole input string is
calculated.

Let R=(Q,I,T, A) be a Ifga defined on (/, X). For each i, j, where
3(qgi, x,q;) # 0, the pair (x, 8(g;, x, g;)) is called a transition for the segment
qi(x, 8(gi, x, qj))q; of R. A finite connection of segments go(x1, 8(qo, X1, ¢1))q1
(x2, 8(q1, X2, 42)) * *  Gn—1(Xn, 8(gn—-1, Xn, qn))qn is called a segment sequence of
R, where all g; belong to Q and all x; belong to . A simplified segment sequence
is a segment sequence where the acceptance degree §(g;, X, ¢ ;) of each transition
does not appear explicitly. We get the label of a simplified segment sequence if
all its states are dropped. In the above example, w = qox1q1X2G2 * - * @u—1Xnqn 18
a simplified segment sequence, x1x; - - - x,, is its label. If g belongs to I and g,
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belongs to T', then we say the (simplified) segment sequence is a (simplified) path
of R. Correspondingly, we call the symbol sequence s = x1x; - - - X, an accepted
string of the automaton R. Sometimes we will drop the word “simplified” in the
remaining part of this paper, if no ambiguity will be raised.

The acceptance degree of s by this single path is defined as: Accept,, (R, s) =
ﬂf’;ol 8(qi, Xi+1, qi+1), where N is the meet operation of the lattice /.

Since the automaton R is in general nondeterministic, we have to calcu-
late the acceptance degree of an input string s by integrating its acceptance de-
grees along all paths of R. Let T(R, s) = {w|w is a path of R, s is the accepted
input string along this path w}. It is easy to prove that |T (R, s)| is finite for
every s. Since now the states ¢ depend on the paths w, we write g, ; instead
of g;.

For type A 1fqa, the acceptance degree of s by R is defined as

n—1
Accepty(R,s) = U N 8(qw.i» Xit1> Gu.it1) (D
weT (R,s) i=0

For type B Ifqa, the acceptance degree of s by R is defined as

n—1
Acceptg(R,s) = N U 8(qw.is Xit1, Gw.i+1) ()
i=0weT(R,s)
where ¢, ;,1 =0,1,2,...,n, are the states traversed by the path w. U and N

are the two lattice operations join and meet. In a word, in the case of type A,
we first calculate the acceptance degree of s for each single path, and then unite
them together. In the case of type B, we take the first segment of all paths in
T(R, s), unite their acceptance degrees §(gw.0, X1, ¢w.1) together by the opera-
tion U. And then we take the second, third, ... transition of all paths and unite
their acceptance degrees together separately by the same operation. At last, we
perform the operation N on all these united values and get the wanted gen-
eral acceptance degree of s by R. In any case, the language accepted by R is
{(s, Accept(R, s))|s € T*}.

Example 2.1. Let R=({qo,q1,q2 q3}, {qo}, {92, g3}, {8(qo, x, q1) =a,
3(q1,y,q2) = b,8(q1, Y, q3) = c}). There are two paths for accepting the string xy
in this automaton: w; = qoxq;yq> andw, = goxq; yq3. The single path acceptance
degrees are Accept,, (R, xy) = a N b and Accept,,, (R, xy) = a N c respectively.
The general acceptance degree for type A is Accepta(R, xy) = (@ Nb) U (a Nc).
On the other hand, The general acceptance degree for type B is Acceptg(R, xy) =
a N (bUc). See Fig. 1 for an illustration.

We all know that for any elements a, b, and ¢ of a lattice /, the follow-
ing inclusion rule holds: (a Nh) U (a N¢c) < a N (b U c). Thus we have Accepta
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Jo
d(qo. X, q)) = ai

qQ

8(qi,y, @) =b d(qLy, q)=¢

q2 qs

Fig. 1. Type A and type B Igfa.

(Rxy)=(@nb)yU(@nc) <an(bUc)= Acceptg(R, xy). In fact, we have the
more general.

Proposition 2.1. For any lfga R, the general acceptance degrees, called recog-
nizability in Ying (2000a), calculated according to rules of type A and type B have
the relationship:

1. Accept, (R, s) < Acceptg(R, 5)

2. The inclusion symbol < can be replaced by the equation symbol = if Ris
a deterministic lfqa.

3. Let P be a set of paths accepting the string s in the l[fqa R, p be any path
accepting the same string s. Then it is always

Accept, p(R,s) < AcceptA’PU{p}(R, s) 3)
Accepty p(R, s) < Accepty pyy, (R, 5) 4)
where Accepta p(R, s) means the acceptance degree of s along all paths

belonging to P in case of type A. This explains also other notations in
these expressions.

Proof: We prove only 3. Parts 1 and 2 are proved in Lu and Zheng (2003). Let
R be a Ifqa. For any s = x1x3...X,,s € X*, assume k paths for accepting the
string s in this automaton. Let P be the set of paths. P = {w, wy ..., w;}. Now
assuming p is another path for accepting the string s and p ¢ P.

The paths for accepting the string s are as follows:

wi = qo(x1, @1i) q1i(X2, 2:) q2i - - - Gm—1,i Xm» Ami) Gmi s
ay,ay...,am € L,1 <i <k

P =qo(x1, b)) q1(x2,02) @2 . . . Gu—1(Xims ) G ¢+
bi,by....by €L, qui,qr €T
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For type A 1fqa,
AcceptA’P(F?, s) = Accept,, (R, s) U Accept,,, (R, s) U ... U Accept,, (R, s)
AcceptA,PU{p}(R, s) = Accept,, (R, s)U ... U Accept,, (R, s)U Acceptp(R, s)

It is obvious that Accept, p(R, 5) < Accepty pyy, (R, s) holds.
For type B Ifqa, we first prove a general inclusion relation:

If for each i, b; < a;,then foreach m,byNb,N...Nb, <arNa,N...Nay,
(6)

The proof of this relation is easily done by mathematical induction if we con-
sider the fact by Nby =b;NayrNbyNa, =b; NbyNa; Nay < a; Nay, where
we have made use of the rules of associativity and commutativity. Note that

Acceptg p(R,s) = (anUapU...Uayg)N(ay UanU...Uay)N...
N YUaumn U. .. Uayu)
AcceptB’PU{p}(R, s)=(an YapU.. UayUb)N(@iUanU...
Uay Uby) N...N(am1 YUam U...Uayu Ub,)

So we have Accepty p(R, 5) < Accepty pyy,,) (R, 5) by considering (6). O

3. THE PUMPING PROPERTIES

Definition 3.1. (Pumping Property of Lattice-Valued Quantum Automata). A
lattice-valued finite state quantum automaton R is said to have pumping property,
if there exists a positive integer n, which depends only on R such that for each input
string s € ¥*, with |s| > n and Accept(R, s) = a, where a belongs to the lattice
1, it is always possible to decompose s in s = uvw, such that |uv| <n, [v| > 1,
and for each i > 1, Accept(R, uviw) = a.

Theorem 3.1. Each deterministic finite state quantum automaton has pumping
property.

Proof: The idea is similar to that in the case of a usual finite state automaton.
Let n be the number of the states of the quantum automaton. For any accepted
string s whose length is larger than n, the path it traverses contains at least two
equal states g and ¢,. Thus, the segment between ¢; and g, forms a loop, which
can be repeated arbitrary times. That means s can be divided in s = uvw, where
v corresponds to the loop, such that for each positive i, uv'w is also accepted by
the quantum automaton. Because of its deterministic character, for each i there is
only one path p(i), which accepts uv'w, and the acceptance degree is equal to the
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join of all lattice values attached to the segments of p(i). Thus, to go a loop more
is just to repeat the join of the same lattice values once more. It won’t change the
total acceptance degree. Therefore, we see the classical pumping lemma is also
valid in the sense of deterministic 1fqa. O

From the proof given above we get a more strict form of pumping lemma.

Definition 3.2. A lattice-valued finite state quantum automaton R is said to have
strict pumping property, if the positive integer mentioned in Theorem 3.1 is at most
equal to the number of states of the automaton R.

Corollary 3.1. Each deterministic finite state quantum automaton has the strict
pumping property.

For the usual finite state automata, the strict pumping lemma always holds
no matter whether it is deterministic or not. But this is not true in case of non-
deterministic lattice-valued finite state quantum automata, because there may be
more than one path that accepts the same string uv'w. Let p(i, j) denote the j-th
path accepting uv'w. Then the existence of p(i, j) does not guarantee the ex-
istence of p(i + 1, j), and vice versa. This fact can be shown by the following
theorem.

Theorem 3.2. Neither type A, nor type B lattice-valued finite state quantum
automata have strict pumping property.

Proof: Consider the 1fqa R depicted in Fig. 2: where ¢ is the initial state and
qy is the final state. There are in total six states.

qr

Fig. 2. A 1fqa not having strict pumping property.
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We consider the string s = x3yx3¢, whose length equals to 8, larger than the
number of states. The string s is accepted by R on two paths w; and w,, where

w1 = qo(x, a) q1(x, b) g2(x, b) g3(y, d) go(x, a) g1 (x, b)
q2(x, D) q3(t, g)q
Accept,, (R,s) =anNbNdng
w2 = qo(x, a) q1(x, b) g2(x, b) g3(y, €) q1(x, b) g2(x, b)
q3(x,0)qat, f)qr
Accept,,,(R,s) =anNbNcNen f

It is easy to see that there is no other path, which accepts s. Therefore, when
this automaton is interpreted as type A Ifqa, we have

Accepty(R,s)=(@nNbNdNg)U@nbncnNen f) 7
On the other hand, when it is interpreted as type B lfqa, we have:

Acceptg(R,s) =anbN(dUe)A(aUb)AbUc)N(gU f)
=anNbNdUe)N(gU f) (8)

We will prove that it is impossible to represent s = x3yx3¢ in form of uvw,
such that s(i) = uv'w is accepted for arbitrary i with the same acceptance degree
as s is accepted.

Assume this conclusion were not true. That means the desired decomposi-
tion of s in uvw were possible and Accept, (R, s(i)) = Accept, (R, s), Accepty
(R, s(i)) = Acceptg(R, s) for all i > 0. Then v must correspond to some loop of
the automaton.

We will check all possible loops in R. From Fig. 2 we see that R contains
only two loops. We denote them with Loop (above): goq1¢293q0 and Loop (below):
41929341, respectively. Each accepted input string traverses the two loops Loop
(above) and/or Loop (below) finite times. The general form of each accepted
string is:

k
[Ty a?y s ©)
i=1

where j = 0 or 1, and n;, m; are non-negative integers, k =0, 1,2, 3, ...

The first half, (yx3)", of each bracketed term, represents n; times traversing
Loop (above) while the second half, (yx?)", represents m; times traversing Loop
(below) . In case that all m; equal to 0 and j = 0, or when m; = 1, and for all
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i < k,m; =0, j =1, the formula (3) becomes:

k
STy =200 k=0,1,23,... (10)

i=1

The Ifqa of Fig. 2 contains two loops with the following seven possible
representations:

XXXV, XXYX, XYXX, VXXX, XXV, XYX, YXX.

The possible decompositions of s in uvw conforming to these loop representations
are the following seven, where in each case, the substring v is contained in a pair
of parentheses:

s = (x3y)x3t = x(xzyx)xzt = xz(xyxz)xt = x3(yx3)t = x(xzy)x3t
= x2(xyx)x*t = x3(yx)xt (11)

We use the notation s(i, j) to denote the power i pumping of the j-th loop
representation of s in (11). For example, (2, 5) = x(xxy)?x¢. We noticed that
these seven loop representations can be classified in two equivalent groups. The
first four loop representations form a group, since.

s, 1) = (@y)ad = @Wy)ty) T = () 1 =53, 4)
s, 2) = x(xzyx)ixzt = x(xzyx)(xzyx)i_lx2t = x3(yx3)it =s5(,4)
s(i,3) = x2(xyxHxt = X2(xeyx)(xyx?) e = 3 yxd)t = 50, 4)

Let us have a closer look at the loop representation s(i, 4) and check which
paths it will traverse when it is accepted by the automaton. There are two paths
accepting s(i, 4). The first path w (i, 4) can be illustrated as:

Wl(i’ 4) = QO(X, a) ql(xs b)CIZ(x, b) [613(}’» d)
qo(x, @) q1(x, b) q2(x, b)'q3(t, 8)q

It traverses Loop (above) i-times, but makes no use of Loop (below). The second
path w (i, 4) makes use of Loop (below) and can be illustrated as

wa(i, 4) = qo(x, a) q1(x, b) g2(x, b) [g3(y, d) qo(x, @) g1 (x, b) g2 (x, b)]' ™
[q3(y, €) q1(x, D) g2(x, D)]q3(x, ) qa(t, gy

Note that w,(i, 4) traverses Loop (below) only once and only after all Loop
(above) traverses are made, because traversing Loop (below) twice would produce
a path containing the substring yx?y, which does not appear in s(i, 4). On the other
hand, the same contradiction would happen if we perform a Loop (above) after a
Loop (below).



Pumping Lemma for Quantum Automata 1199

It is also easy to check that these are the only two paths accepting s(i, 4).
Therefore, foralli > 1,

Acceptwl(Ft’, si, ) =anbnNndng
Accept,, (R, s(i,4) =anbnNcnNdnNen f
In summary, for all i > 1,
Acceptp (R, s(i,4)) =(@nbndng)U@nbnNcnNdnNen f) (12)
Acceptg(R, s(i,4)=anbnNdnNdUe)yN(@Ub)yNdUc)N(gU f)
=anbnNdNnN(guUf) (13)
We have to prove that fori > 1,
Accept, (R, s(i, 4)) # Accept, (R, s)
Acceptg(R, s(i, 4)) # Acceptg(R, s)

To this end, we construct the lattice /, on which the 1fqa R is based, in the
way as it is shown in Fig. 3:
Thus, fori > 1,

Accept, (R, s(i, 4)) = k # a = Accept,(R, s), (14)
Acceptg (R, s(i, 4)) = k # a = Acceptg(R, s) (15)

Above we have proved the theorem for s(i, 1), s(i, 2), s(i, 3), s(i, 4). The
remaining cases are s(i, 5), s(i, 6) and s(i, 7). They also form an equivalent group,
since:

s(,5) = x(xzy)ix3t = x(xzy)(xzy)"’lx% = x3(yx2)ixt =s@,7)

s(i, 6) = xz(xyx)ixzt = xz(xyx)(xyx)i_lxzt = x3(yx2)ixt =s0,7)

/ 1\
d’g O a,b ,C,f
k h

0

Fig. 3. The lattice / destroying the strict pumping property.
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Therefore we have only to consider the case s (i, 7). We will check which paths
it will traverse when it is accepted by the automaton. There are two paths w (i, 7)
and w, (i, 7) which accept s(i, 7). w1 (i, 7) avoids Loop (above) and traverses only
Loop (below):

wi(i, 7) = qo(x, a) q1(x, b) g2(x, b) [q3(y, €) g1 (x, b)
@(x, D) q3(x, ©) qa(t, gy

It traverses Loop (below) i-times, but makes no use of loop (above). The sec-
ond path w,(i, 7) makes use of both Loop (above) and Loop (below) and can be
illustrated as

wa(i, 7) = qo(x, @) q1(x, b) g2 (x, b) [q3(y, €) q1(x, b) ga(x, )] "
q3(y, d) go(x, a) qi(x, b) g2(x, b) g3(t, 8) g

Note that w,(i, 7) traverses Loop (above) only once and only after all Loop
(below) traverses are made, because traversing Loop (above) twice would produce
a path containing the substring yx>y, which does not appear in s(i, 7). On the other
hand, the same contradiction would happen if we perform a Loop (above) before
a Loop (below).

It is also easy to check that these are the only two paths accepting s(i, 7).
Therefore, ifi > 1,

Accept,, (R, s(i, 7)) =anbNcnen f
Accept, (R, s(i, 7)) =anbnNdnNeng
In summary, fori > 1,
Accepty(R, s, 7)) =(@nNbnNcnen fU@nbndnNeng) (16)
Acceptg(R, s(i, 7)) =(@nbnb)yNenbn h)i’1 NdUe)N(aUb)
NbUb)NBUCc)N(EU f)
=anNbNeNn(dUe)
Na@ubyNBbUc)N(gU f)
=aNbNen(gUf) a7
We have to prove that fori > 1,
Accept, (R, s(i, 7)) # Accept (R, ),
Acceptg (R, s(i, 7)) # Acceptg(R, ),
Consider Fig. 3 once again. We get fori > 1,

Accept (R, s(i, 7)) = h # a = Accept,(R, s) (18)
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Acceptg(R, s(i, 7)) = h # a = Acceptg(R, s) (19)

We have now examined all possible cases and seen as result that for all s(i, j)
with i > 1 and 1 < j <7, Accepta(R, s(i, j)) # Accept,(R, s), and Accepty
(R, s(, j)) # Acceptg(R, s). The breaking of pumping property for lfqa R in
Fig. 2 is thus proved. O

But this example only shows that the integer n, where n is the number of
states of the automaton, is not big enough for the pumping lemma to hold. We
have not yet proved the proper pumping property for arbitrary Ifqa. In order to
show that, we have to extend our definition about pumping property a little bit.
Namely, we need not only a definition for Ifqa having pumping property. We need
also a definition for an input string s having pumping property.

Definition 3.3. (Pumping property of an input string of a lattice-valued quantum
automaton). An input string s of a lattice-valued finite state quantum automaton R
is said to have pumping property, if s is accepted by R such that Accept(R, s) = a,
where a belongs to the lattice /, and if it is possible to decompose s in s = uvw,
such that |v| > 1, and for each i > 1, Accept(R, uviw) = a.

Proposition 3.2. Any input string s accepted by the automaton R shown in Fig. 2,
where the length of s is larger than n = 12, has the pumping property.

Proof: For the Ifqa R in Fig. 2, the general form of each accepted string is:

k
Ty gy i

i=1
When |s| > 12, the forms of accepted string are as follows:

(1) s =x3[yx3]ixjt,whenj =0,i >3;whenj=1,i>2.
(2) s = x3[yx?)x/t,when j =0,i > 3; when j =1,i > 3.
k

3) s =x3 I [(yx3)"f (yxz)”"']xjt, and the accepted strings not only include
i=1

the substring [yx>] but also the substring [yx?]. That is to say both Loop

(above) and Loop (below) must be traversed. More exactly, two copies

of [yx3] or two copies of [yx?] should be in the accepted strings at least.

For the above three forms of accepted strings, we can iterate the reasoning
steps one by one according to Theorem 3.2 and conclude that the accepted strings
have the pumping property. a

Since we cannot yet prove the pumping property in general, we generalize its
definition in the following way.



1202 Lu and Zheng

Definition 3.4.(Super (Sub)-Pumping Property). A lattice-valued finite state
quantum automaton R is said to have super-pumping property, if there exists a
positive integer n, which depends only on R such that for each input string s € X*,
with |s| > n and Accept(R, s) = a, where a belongs to the lattice /, it is always
possible to decompose s in s = uvw, such that |uv| < n, |[v| > 1, and

for each i > 1, Accept(R, uviw) > q. (20)
Ris said to have sub-pumping property, if the inequality (21) holds instead of (20):
for each i > 1, Accept(R, uviw) <a. 21
Definition 3.5. (Periodic Pumping Property). A lattice-valued finite state quantum
automaton R is said to have periodic pumping property, if there exists a positive
integer n, which depends only on R such that for each input string s € X*, with

|s| > n, it is always possible to decompose s in s = uvw, such that |v| > 1, and
there is a number m > 0 such that,

for each i > m, there is a j > i, Accept(R, uv-fw) = Accept(R, uv"w) = a.
R is said to have periodic super-pumping property, if
for each i > m, thereis a j > i, Accept(R, uvjw) > Accept(R, uv"w) = a.
R is said to have periodic sub-pumping property, if
for each i > m, thereis a j > i, Accept(R, uv’/w) < Accept(R, uv"w) = a.
R is said to have periodic monotonic super-pumping property, if
for eachi > m and Accept(R, uv'w) > Accept(R, uv"w)
= a, thereisa j > i, Accept(R, uv/w) > Accept(R, uv'w).
R is said to have periodic monotonic sub-pumping property, if
for eachi > m and Accept(R, uviw) < Accept(R, uv™w)
= a, thereisa j > i, Accept(R, uv’w) < Accept(R, uv'w).
Both periodic monotonic super-pumping property and periodic monotonic

sub-pumping property are called periodic monotonic property, too.

Definition 3.6.  We define a loop of a Ifqa R as a segment sequence, which starts
from some state q of R and ends also in ¢g. A loop is called Jordanian, if each state
of it other than the starting state (ending state) ¢ appears only once when the loop
is traversed. Thus, g x1gx2q; is not a Jordanian loop, whereas g;x1g2x>q; is a
Jordanian loop.
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Proposition 3.3.

1. All Jordanian loops of the same path form a total order.
2. There are only finitely many different Jordanian loops in a lfqa.

It is easy to prove that on the same path p there are no two different Jordanian
loops with the same starting state, since otherwise we would have two Jordanian
loops qox1q1 ... Xkqk - - @m—1Xmqm and qox1q1 . ..Xrqx, where 0 < k < m and
qo = qrx = qm, Which contradicts the definition of a Jordanian loop. In this way,
we can define a total order of all Jordanian loops on each path.

On the other hand, it is also easy to prove that for any Ilfqa R, there are only
finitely many Jordanian loops on its paths. To be convinced of this, we just note
that each Jordanian loop consists of finitely many nonrepeating segments. The total
number of segments in a lfqa is finite. Therefore the possibility of their nonrepeating
combinations is also finite, from which it follows the number of different Jordanian
loops is also finite.

Theorem 3.3. All Ilfqa of type A have periodic monotonic super-pumping
property.

Proof: Let Rbeatype A lfqa with n states. Lets = x;x5 . .. X, be an input string
accepted by R, where m > n. We do the following steps to prove the theorem:

Step 1. Find a loop on the initial accepting path.

Let p = qoXx191X292 - - - gm—1Xmqm be one of the paths of R accepting s with
Accept (R, s) = a. Then there must be at least two states g; and g, on p with
J < k, such that g; = g. This shows that O = q;x;11q;+1 ... qr—1Xxq forms a
loop of the path p. Among all possible loops of p, we choose its first Jordanian
loop. We have shown above that this is always possible.

Step 2. Pump the initial input string to get a new and enough large input
string.

Letv = X411 ... X, U =X X2 ... X[, W = Xpy1 - .. Xpy, thenall uv'w withi >
1 are accepted by R on the paths p(i) = qox1q1 ... (q;Xj+1qj+1 - - - Qk—1Xk) Gk - - -
qm—1Xmqm With the same acceptance degree as s = uvw is accepted by Ron p. In
particular, the path p(m) = qox1q1...(q;Xj+19+1 - - Qe—1X)" Gk - - - Gm—1XmGm
accepts uv™w with Accept,,,, (R, uv™w) = Accept(R, s) = a.

Step 3. Find all paths accepting this new string and calculate its acceptance
degree.

Note that p(m) may be not the only path accepting uv™w. Assume there are
r paths accepting uv”w, r > 1. For each fixed m, r must be finite. Assume these
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paths are ordered in an arbitrary, but fixed way. Denote them with p(m, i), 1 <
i <r,where p(m, 1) = p(m). Thus p(m, i) means the i-th one among all paths
accepting uv™w. Each p(m, i) must have the form

S " 4 4 o " o
q0X14; - - - (q; Xj1qigy - .q,’{flxk)(q} XjH1q Gy e G XK) - -
(¢ X019 @ X)X (22)
Assume they accept uv™w with the following acceptance degrees

Accept (R uv™w)=ua(@), 1<i<r (23)

p(m,i)
Where a(1) = a. Thus,

Accept(R, uv"w) = U << a(i) (24)

In each p(m, i) there are m segments (q;lx‘,quq;ﬁrl . .q,’;llxk)(q;zxﬁlqﬁl e
g2 x) ... (q"xj+147; - - - -q;” 1 x0). We call each segment a loop unit. Each loop
unit contains the same substring of input symbols: x4 ... x.

Step 4. Pump the group of accepting paths collectively to get a new group of
paths.

Now consider the m states (qj-l, qj-z, RN qj-’") on p(m,i). Among them there
must be at least two states q;h(i) and ¢}f @ with h(i) < g(i), such that q?’l(i) =q} ®,

and such that for any f’ and g’ with h(i) < f' < g’ < g(i), from ¢'/" = ¢'¢ it
always follows that f’ = h(i) and g’ = g(i). Similar to Proposition 3.2, we can
also prove that such loops form a total order for each p(m, i). We choose the first
one of them for each i.

Let dis (i) = g(i) — h(i), 1<i<r 25)
Let H(p(m)) = lem{dis(i)|1 <i < r} (26)

Where lcm means the least common multiple. On the basis of the construction
above, the value of H(p(m)) is uniquely determined given automaton R and path

p(m).
LetG(p(m), i) = H(p(m))/dis(i) (27)

Let v(i) be the symbol string, which is obtained from that part of p(m, i)
between q;’h(') and q;’g(l) by eliminating all states in it (remember, it is called the
label of this path part). It is obvious that each v(i) is contained in v". For each
i, decompose uv™w in u(i)v(i)w(i). For each path p(m, i), repeat the loop body
between q}’h(') and q;’g(’) (consisting of g(i) — h(i) loop units) for G(p(m), i)
times. The result is a path p(m, i) accepting the string u(i)v(i)®PU-D+1y (i)
with the same acceptance degree a(i) as u(i)v(i)w(i) is accepted on the path
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p(m, i). Since u(i)v()OPM-Dtly (i) = yy" APy, " we can rewrite p(m, i)
as:

p(m, i) = p(m + H(p(m)), i), (28)

Step 5. Show that the pumped string is accepted by the new group of paths
at least as much as that string is accepted by the old group of paths before it is
pumped.

We have
Accept i, v (R, u(@w ()PPt w @)
- Acceptp(m_m(p(m)).i)(F1’, uvm+H(p(m))w)
= Accept,, n(R, uv"w) =a(i), 1<i<r (29)

Accept R, uy"™ Py = Uy o ali) (30)

p(m,i>’,1§f5r(

This shows that there is a number m + H(p(m)) > m, such that the accep-
tance degree of uv"+H Py is at least equal to the acceptance degree of uv”w.
We say “at least,” because it is not to exclude that there are still paths of R other
than those of p(m, i)’ for accepting uy” 7Py,

That means we have the following relation:

Accept (R, uv’”*H(”(’”»w) > Accept (R, uv™w) (3D

Step 6. Repeat the steps 4 and 5 once and once again, obtaining in this way
an infinite sequence of strings with monotonic nondecreasing acceptance degree,
where each string is produced as a pumped string of its previous one.

We take uy™tH@0m)yy a5 the new input string. Further we take p(m, 1)
as the new accepting path and start the reasoning process above once again.
Namely, we calculate the number H (p(m, 1)'). If there are other paths accepting
uy™HH @)y, then we call them p(m, j)” where 1 < j < r',r’ is the number
of these paths (note that ' may be zero). We consider the set of all paths P =
{p(m, i)Y, p(m, jY'|1 <i <r, 1< j<r'}accepting uy™+H7Ptm)y and calculate
the numbers G(p(m, 1),t), 1 <t <r +r’. By repeating the loop units we then
get a set of new paths, which accept the string yy"+# (P +H P10y, with an
acceptance degree at least equal to the acceptance degree uy” 1 (P(")y, is accepted
by the set of paths P.

Therefore, in each case (whether or not p(m, i)’ are the only paths accepting
uy"™HH Py, y we have found a number m’ > m 4+ H(p(m)) such that

Accept (R, uv””w) > Accept (R, uv™ Py (32)
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v, al v, a2 v, a3
bl L X %, bS5 %, b5
X -3
: a2l 31 [%h3|g32 a5l |~ ~,q52 53
a ! a >3 = d
al . % bzl)/ %, b5 \Lx, b5
%, b2 a22 Q55 q54
¥, bb
v, cl v, 2
Fig. 4. Lfqa with monotonic pumping property.
In this way, we have proved the existence of a chain m, my, ms, my, . . ., such
that
m=m <my<miy<my<...,
Accept (R, uv™w) < Accept (R, uv™w) < Accept (R, uv™w) < ... (33)
This is just the periodic monotonic super-pumping property of R we wanted
to prove. O

Example 3.1. Assume the 1fqa has the following form (Fig. 4):

R = (Q={q0, 911, 921> 422, 431> 432> 4335 G51> 452+ 453> 54> 455, 41 }» I = {qo},
T =A{qr}, A=1{3qo,y,q911) = ai,(qi1, ¥, q5) = ¢i, 8(qii> X, qi1) = bi, 8(q i,
X,qjk+1) =bj;wherei =1,2,3,5,j=2,3,5k=1,...,j—1})

We follow the steps described in the proof of Theorem 3.3.

Step 1.

The number of states of Ris n = 13. This automaton accepts the input string
s(1) = y(x)'7y, whose length m is 19, which is larger than 13. There is only one
path p; = qoy(g11x)"q11yq ¢ of R, which accepts s(1) with the acceptance degree
a; N'by N cy. The first Jordanian loop on p; is ¢11x¢11, such that we can decom-
pose s in uvw withu = y, v = x, w = x'%y.

Step 2.

From the 19th power of the part v, we get the string s(2) = uv'"w = y(x)>y.
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Step 3.

The new string s(2) will not only be accepted on the path p(19, 1) = goy

(q11%)*q11yq . but also on the path p(19, 2) = qoy(q51Xg52X453Xq54Xq55X) 51
vq . Thus we have

Accept (R, s(1)) < Accept (R, s(2)) = (a; Nby Ncy) U (as N bs N cs).
Step 4.

Consider the loop L; = g11xq11 on p(19,1) and the loop L, = ¢s1x¢s2Xqs3
X@s4Xqssxqsy on p(19,2). We have h(l)=2,g(1)=3,h(2)=2,g(2) =17,
dis(1) =1, dis(2) =5, H(p(19)) =lem{l, 5} =5, G(p(19), 1) =5, G(p(19),
2) = 1. That means if we repeat the loop L; five times then we get p(24,1) =
q0y(q11x)*°q11yq s from p(19,1), and if we repeat the loop L, once then we get
p(24,2) = qoy(qs1Xq52X453XGs54Xqs5x)*qs1yq s from p(19,2). In this way we get
two new paths, both of which accept the string s(3) = uv?*w = y(x)*’y with the
same acceptance degree as s(2) was accepted by R.

Step 5.

The reasoning stated above shows that R accepts s(3) at least as much as it
accepts s(2). As a matter of fact, R accepts s(3) more than accepting s(2), because
s(3) is also accepted by p(24,3) = qoy(qﬂxqzzx)zoqmyqf. Thus we have

Accept (R, s(2)) < Accept(R, s(3)) = (@i NbyNecp)U(aaNby Ney)
U (as N bs Ncs).

Step 6.

Consider the loop L3 = g21xg20xg21 on p(24,3). We have h(3) = 2, g(3) =
4,dis(3) = 2, H(p(24)) = lem{1,5,2} = 10, G(p(24),1) = 10, G(p(24),2) = 2,
G(p(24),3) = 5. That means if we repeat the loop L; 10 times then we get
p(34,1) = qoy(q11x)°q11yq from p(24,1), and if we repeat the loop L, twice
then we get p(34,2) = qoy(qSlxqszxq53xq54xq55x)10q51yqf from p(24,2), and if
we repeat the loop L3 five times then we get p(34,3) = qoy(quqzzx)zsqz[yqf
from p(24,3). In this way we get three new paths, all of which accept the string
s(4) = uv3*w = y(x)*°y with the same acceptance degree as s(3) was accepted by
R. That means R accepts s(4) at least as much as it accepts s(3). A simple investi-
gation shows that s(3) and s(4) have the same acceptance degree since this time the
number of accepting paths has not been increased by pumping (p(34,1), p(34,2),
and p(34,3) are the only paths accepting s(4)). That means we have

Accept (R, s(3)) = Accept (R, s(4))
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Pumping the three loops L, L,, and L3 once again we get three new paths ac-
cepting  s(5) = uv*w = y(x)¥y. They are p(4,1) = qoy(gn0)*q11yqy.
P(44.2) = qoy(q51%95:Xq53xq54q55x) *qs1yq r and p(44,3) = qoy(g21xq2x)*

q21y4qf-
Now there is no equality between Accept (R, s(4)) and Accept (R, s(5)), be-

cause now there is a fourth path p(44,4) = qoy(g31Xq32xq33x)*°q31 yq f» which
also accepts s(5). It is

Acceptp g 4)(R, 5(5)) = (@3 Nb3 N c3)
Therefore, the relations between the acceptance degrees are:
Accept (R, s(4)) = (a; NbyNcy) U(aa NbyNey) U (as Nbs Ncs)
<(@NbiNcy)U@NbyNcy)U(azNbsNcy)
U(as Nbs Ncs) = Accept (R, s(5))

Consider the loop L4 = ¢31x¢32x¢33xg31 on p(44,4). We have h(4) =2,
g4 =5,dis(4) =3, H(p(44)) = lem{l1, 5, 2, 3} = 30, G(p(44), 1) = 30, G(p
44),2) =6,G(p(44), 3) = 15, G(p(44),4) = 10. That means if we repeat the
loop L; 30 times then we get p(74,1) = qoy(qllx)goqnyqf from p(44,1), and
if we repeat the loop L, six times then we get p(74,2) = qoy(q51Xq52Xq53X (54
xq55x)18q51yqf from p(44,2), if we repeat the loop L3 15 times then we get
p(74,3) = qoy(q21xq22x)45q21yqf from p(44,3), and if we repeat the loop L4
10 times then we get p(74,4) = qoy(qglxquxq33x)30q31yqf from p(44,4). In this
way we get four new paths, all of which accept the string s(6) = uv’*w = y(x)*y
with the same acceptance degree as s(7) is accepted. From the definition of Rt is
easy to see that there is no other path accepting s(6). Therefore we have

Accept (R, s(5)) = Accept (R, s(6))
It is also easy to check that in general the following relation holds:
Accept (R, s(5)) = Accept (R, s(t)), forall > 5, (34)

where s(t) = uv3 1%y = y(x)3=y forall r > 5.

We have thus proved the existence of a sequence of accepted input strings
s(t) with monotonically nondecreasing acceptance degrees, where each s(¢) has
the form uv/®w, where s(1) = uvw is the original input string.

Lemma 3.1. For any given Ilfqga R, the set of acceptance degrees it may take
when accepting input strings is finite.

Proof: Ifthelattice/, on which Ris based, is finite, then the conclusion is obvious.
Otherwise, we reason as follows. Each Ifqa has only finitely many (transition) arcs.
On each arc there are only finitely many attached (input symbol, lattice value) pairs.
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In case of type A lfqa, the acceptance degree of each input string s is calculated
as the disjunction of finitely many conjunctions, where each conjunction consists
of finitely many lattice values. In case of type B 1fqa, the acceptance degree of
each input string s is calculated as the conjunction of finitely many disjunctions,
where each disjunction consists of finitely many lattice values. In order to avoid
ambiguity, we call the former a second level disjunction of finitely many first level
conjunctions, and the latter as a second level conjunction of finitely many first
level disjunctions.

Since the number of different lattice values appearing on the transitions of any
given automaton is finite, the number of their different combinations (conjunctions)
is also finite. That means the number of different values a first level conjunction
may produce is finite.

Similarly, we can prove that the number of different values a first level dis-
junction may produce is finite.

For a type A lfqa, the acceptance degree is calculated as the second level
disjunction of finitely many first level conjunctions, which themselves have only
finitely many possible values. For a type B Ifqa, the acceptance degree is calculated
as the second level conjunction of finitely many first level disjunctions, which
themselves have only finitely many possible values. Therefore, for both type A
Ifqa and type B Ifqa, the set of acceptance degrees it may take when accepting
input strings is finite.

It is easy to complete the proof by using mathematical induction. a

With help of this lemma, we can prove a more exact theorem.
Theorem 3.4. All lfqa of type A have periodic pumping property.

Proof: In Theorem 3.3 we have proved the periodic monotonic super-pumping
property for all type A 1fqa with the existence of an ascending chain m, m,, ms,
my, . .. and a nondescending chain (33). Now we start from the number m| = m
and do the reasoning procedure in the following way:

Letn; = m;.

If for all m;, whenever k > 1 and Accept (R, uvkw) > Accept (R, uv™w), it is al-
ways Accept (R, uv™w) = Accept (R, uv™'w), then the periodic pumping prop-
erty is already proved.

Otherwise, there must be a & > 1 with Accept(R, uv™w) # Accept(R,
uv™w)

Letn, = my.
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If for all j, whenever j > k, it is always
Accept (R, uv™w) = Accept (R, uv™w), (35)

then the periodic pumping property is already proved.
Otherwise, there must be a j > k such that Accept (R, uv™iw) # Accept (R,
uv™w)

Letn; = m;.

Since according to Lemma 3.1 there are only finitely many acceptance degree
values, this procedure of constructing a strictly ascending super-pumping chain
must terminate after finitely many steps. That means, the n; cannot form an infi-
nite sequence. The conclusion we can draw is that there is an infinite ascending

sequence of positive integers p;, p», ...(which is a subsequence of the sequence
my, my, ...),such that
Accept(R, uv?w) = Accept(R, uv”'w) forall j > 0. |

In fact, a more powerful theorem is provable based on the following:

Example 3.2. The lfqa given in Example 3.1 has periodic pumping property. To
be convinced of this fact, let the number m in Theorem 3.3 equal to 60, then for
each i > m, we just let j equal to the least multiple of 30, which is larger than i.

Definition 3.7.(Generalized Pumping Property). A lattice-valued finite state
quantum automaton R is said to have generalized pumping property, if there
exists a positive integer n, which depends only on R such that for each input
string s € ¥*, with |s| > n, it is always possible to decompose s in s = uvw,
such that |[v| > 1, and there exists a number M > 0, such that for each i > 1,
Accept (R, uv™w) = Accept(R, uv"w).

R is said to have generalized super-pumping property, if

Accept (R, uvMw) < Accept (R, uv'™w) (36)
holds instead. R is said to have generalized sub-pumping property, if
Accept (R, uv'Mw) < Accept (R, uvMw) (37

holds instead.

Two obvious conclusions can be drawn from this definition. First, in case of
m = 1, the generalized pumping property is equal to the pumping property defined
in Definition 2.1. Second, generalized pumping property is a strengthened form of
periodic pumping property.

Theorem 3.5. All lfqa of type A have generalized pumping property.
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Proof: The main idea of proving this theorem is already contained in the proof
of Theorem 3.3. But here we will go another way. We do not want to iterate the
reasoning steps as we did there. Rather, we will use a global and concise proof
procedure by summarizing the idea presented in Theorem 3.3.

Step 1. Find a loop.

Let R be a Ifga of type A with n states. Let s = x;x,...x, be an input
string accepted by R, where m > n. Let p = qox1q1X292 . . . §m—1Xmqm be one
of the paths of R accepting s with Acceptp(R, s) = a. Then we can always find
two states ¢; and g; on p with j < k, such that g; = g;, and such that for all
states g, = g, with j < h < g <k, itisalways h = j and g = k. This shows that
O =qjXj41qj+1 - - - Gr—1Xkqi forms a Jordanian loop of the path p. W.lo.g., we
assume Q is the first Jordanian loop of p.

Step 2. First pump.

Letv =Xj41 ... X, U = X1 X0 .. Xj, W = Xp41 .. . Xm, thenall uviw withi >
1 are accepted by R on the paths p(i) = qox1q1 ... (qjX;41G+1 - - - Qe—1X) G - - -
qm—1Xmqm With the same acceptance degree as s = uvw is accepted by Ron p. In
particular, the path p(f) = qoxiq1 ... (q;Xj+1qj+1 - - - Ge—1X) G - - - Gm—1XmGm
accepts uv/w with Accept £ (R, uvlw) = Accept (R, s) = a, where f =
Iem{f]l <t <n+1}.

Let the set of paths accepting uvlw be p(f, l) 1 <i <r.Theneach p(f,i)
must have the form ggx1q ... (¢5'x;4145, - q;t x0)

(@Pxim1a a2 - (0] xjmaly, el x)ak - gl xndl,. (38)
Let
Accept,, (R ouv/w) =a(i), 1<i<r (39)
Thus
Accept (R, uv/w) = U< a(i) (40)
where p(f, 1) = p(f) and Acceptp(f)(R, wlw) =a =a(l).

Step 3. Find a group of loops.

For each i, consider the f states (qj ,qj ,...,qj )ofthe path p(f, 7). Since

f > n (the number of states), there must be at least two states q’h(’) 50

and ¢;
p(f,1) with 1 < k(i) < g(@i) < n + 1, such that qlh(') q;g(l), and such that for

any f"and g’ with h(i) < ' < g’ < g(i), from q’f = ¢'¢’ it always follows that



1212 Lu and Zheng

f" and g’ are equal to h(z) and g(i). That part v(i) of the path p(f, i), which is
between q; ") and ng D forms a loop. For each i, we consider a loop with least

g(i). If there are more than one loop with least g(i), we take that one among them
with least /(7). It is easy to prove that this loop is uniquely determined for each i.

Since g(i) < n + 1 the number g(i) — /(i) must be a divisor of f.

Step 4. Pump iteratively—each time enlarges the accepting paths by f loop
bodies.

Repeat the part v(i) for f/(g(i) — h(i)) times for each i, we get a new path
p(2f, i) out of p(f,i). Each of the paths p(2f, i) accepts the same string uv2/w
with the same acceptance degree as uv/w is accepted by p(f, i).

It is then easy to see that the string uv//w with arbitrary j > 1 is accepted
by each path p(jf, i) with

Accept, ;o (Rouvwy=a(), 1<i<r (41)
where p(j f z) is produced by pumpmg the ]?ath p((j — 1)f, i) when repeating
ih(i ih(i th( i(g(i)—1 i(g(i)—1
the loop (g )x,+1qj+(1). G l)x ).. (qj Xj41 qj(f(l) ) g (f() x ) for
f/dis(@) tlmes

Step 5. Conclude the proof with a chain of relations.
There may be other paths, which also accept uv//w. Therefore, in general
itis
Accept(R, uv/w) < Accept(R, uv/*/w), foranyj > 1 (42)

This shows that R satisfies the generalized super-pumping property. But this
is not yet all. Because of the finiteness of the number of different acceptance degree
values in a lfqa, there must be a number J > 0, such that

Accept(R, uv'/w) = Accept(R, uv’'w), foranyj > J (43)

In particular,
Accept (R, uvjjfw) = Accept (R, uvjfw), forany j > 1 (44)
Rename Jf as M, this is the generalized pumping property described in
Definition 3.7. O

Example 3.3. The lfqa given in Example 3.1 satisfies the generalized pumping
property. To be convinced of this fact, calculate f = lem{¢|1 < ¢ < 14} = 360360.
It is easy to see that J = 1 is enough to make the following relation valid:

Accept (R, uv*/w) = Accept (R, uv’/w), foranyj > J
Thus it is enough to let M = f = 360360.
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In fact, the number 360360 is unnecessarily too large in this particular case.
We only need to let the number M equal to 60, then for each i > 1, we have

Accept (R, uv-wa) = Accept (R, uva), forany j > 1

This example shows that the characteristic number M, and therefore the
acceptance degree of the input sequence, is not uniquely determined.

Above we have discussed various pumping properties of type A Ifga: the
periodic monotonic super-pumping property, the periodic pumping property and
the generalized pumping property. Now what about type B 1fqa? Do they have
the same pumping properties? The answer to this question is not trivial, because
we have used the technique of loop repeating in our proof procedure. This may
cause a mismatching of acceptance degrees along different paths, which accept
the same input string, see Example 3.4.

Example 3.4. In Fig. 5, the input string s = xyyx is accepted on both paths
D1 = qoxq1yq1¥q2xq s and pr = qoxq3yqsyqzxqy. Whereas s is accepted on p;
with the degree a N b N ¢ Nd, it is accepted on p, with e N f N g N h. The total
(combined) acceptance degree isthen (@ Ue) N (b U f)N(c U g)N(d U h). If we
repeat the loop ¢ yq; of p; twice and the loop g3 yg4yq3 of p, once, then we get two
new paths p/ and p5. Each of these two paths accepts the string s’ = x(yy)*x with
the same acceptance degree as p; and p, accepted the string xyyx respectively. It
is therefore obvious that the combined acceptance degree of s’ remains the same
as that of s was, if the Ifqa is of type A. But the total (i.e. the combined) acceptance
degreeof s’is(aUe)N(bU YN BUgNBU f)N(cUg)N(dU h)ifthe lfga
isof type B. Leta = ¢ =d = f = 1, then s is accepted with the degree 1, but s’
is accepted with the degree (b U g).

This shows the difference between type A and type B automata. As aresult, we
cannot copy the proof procedure of type A for type B. Fortunately, this difference
will not prohibit us from proving a theorem for type B Ifqa similar to that of type
A lfqa.

Theorem 3.6.

All lfga of type B have periodic monotonic super-pumping property
All lfga of type B have periodic pumping property
All lfqa of type B have generalized pumping property

Proof: The first three proof steps are similar to those in the proof of Theorem 3.5.
But Step 4 has to be changed to: pump iteratively—each time enlarges the accepting
paths by 2 f loop bodies. That means, we get a new path p(3 £, i) out of p(f, i) by
repeating the loop body v (i) for 2 f/(g(i) — h(i)) times for each i.
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Fig. 5. Repeating loops may cause mismatch of acceptance degrees.

In order to calculate the acceptance degrees of input strings, assume that for
any 7, the number of paths accepting uv”"w is r(n) and

Accept i, iy 1<i<rn (A uv"w) = a(n),
where
a(n) = al(n) A a2(n) A a3(n),
Accept,,, i) 1 <i<rm (R ut, uv"w) = al(n),
Accept i, iy 1<i<ron (A V' uvw) = a2(n),
Accept,,, iy 1<i<roy (R w, uv"w) = a3(n),
where

Acceptp (R, si, $152...8m) =a

means that the (partial) acceptance degree of s; by the path set P is a, where s; is
a substring of the input string s = 5153 . . . S, Which is accepted by P.
Now we consider the path set p(3f,i),1 <i <r(3f). Let

imax = Min {i]1 < i < r(3f)and g(i) = Max (g()|1 <1 < r(3/)})
then we have: for all i,

8(0) = glimax) < &limax) + f = g(1) +2f (45)
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Assume that g(iyax) corresponds to the p-th state of the path p(3 f, imax)-
Since all paths of p(3 f, i) have the same length, it follows from relation (45) that
each path p(3f, i) contains a segment qhx, 14}, -Gy r1Xptrq), ;» Where
q; tf = q; for all i. The last assertion is guaranteed by the fact that f is a
common multiple of all g(i) — A(i). This shows that all paths have a loop L; =
qXpt1qh sy - - Qs s_1Xp+ £q), of the same size and with the same indices.

Pumping these paths by repeating this loop will yield new paths. Each of
them accepts the string uv*>/w after ¢ times of pumping.

By a simple reasoning similar to that in the proof of Theorem 3.5 it is then
easy to see that the string uv//w with arbitrary j > 3 is accepted at least by the
path set {p(jf, )1 <i <r((j — D)} where {p(if, D)1 <i <r((j — Df)} is
produced by pumping the path set {p((j — 1) f, D)|1 <i <r((j — 1)f)} simulta-
neously when repeating the loop L; for f/dis(i) times. Since each p(jf, i) can be
transformed in p((j + 1), i) only by increasing the number of loop L; once more,
we have

r(jH =r((G+1Df)
In the following we will use the notation {p(jf, i)} for {p(jf, DIl <i <r(jf)}.
Accept{(jf‘,-)}(R, Li, uv/Tw)
= Aceeplyyjnfii=iriim (R L)% wr? ™ w) - forj = 3
therefore,
Aceepty(jp iy (R, uv/Tw) = Accepty ;1) =iz (Bt v w)
Accepty(jri (R v uv?w) = Acceptiy i pinsizrrn (R v w)
Accepty(jyiny (R w, uv? w) = Acceptiyj 1) pazirijpy (B w, w7 w)
In general it is
{p((G+DAEDIN<i <r(HY S {p((G+ DS, i)} foranyj >3
therefore,
Accept (R, uv/Tw) = Acceptyy;si (B uv ) = Acceptipjpiyi<i=riin
(R u, uv(Hl)fw) < Accept{p((jﬂ)f’i)}(ﬂ, uv(jﬂ)fw) = Accept (R, uv'/w)
(46)

In this way we get a chain of input strings uv//w(j > 3) with monotonic non-
decreasing acceptance degrees, where we have made use of Proposition 2.1. Thus
the monotonic super-pumping property of type B quantum automata is proved.
With help of Lemma 3.1 the validness of periodic pumping property for Type B
quantum automata is also obvious.
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That means there exists a number J > 3 such that
Accept (R, uvjfw) = Accept (R, uvjfw) j=J
Let M = Jf. It is then clear that
Accept (R, uv™w) = Accept (R, uv/Mw) j>1

This is nothing else than the generalized pumping property of type B quantum
automata. O

Example 3.5. Reconsider the Ifqa discussed in Example 3.4. Calculate f =
lem{f|1 <t <6}12 =30. Let s = xyyx = uvw, where u = x,v =y, w = yx.
Raise v to the 30th power, we have uv3w . It is easy to see that there are two path
accepting uv3'w, where p(30,1) = p; = qox(qu)30q1yq2xqf and p(30,2) = gox
(43y44Y)"°q3xq s. Repeat the loop in p(30,1) 60 times more and that in p(30,2)
45 times more, we get the 3 f = 90th power of v and two paths p(90,1) =
p1 = qox(q1y)°q1yqaxqy and  p(90,2) = qox(q3yqay)qsxqs. We have
h(l)=2,g(1)=3,h(?)=2,g2) =4. Thus

imax = 2, 8(imax) = 4, 8(imax) + f = 34

If we unfold them in a plain sequence and rename the states as ¢’ to avoid notational
ambiguity, then

P(90, 1) = qoXqy - - - 43Y94Y45 - - - 4517932V q%3 - - - 491492 X -
P(90,2) = qoxq{y - -43Yq4¥q5 - - - 451 Yq5 Y955 - - - Q91 Yq00%q
where
forall0 < i < 92,9/ = q1. 99 = 2.

forall0 < i < 92,¢q/ = gsifiisodd, ¢/ = q4ifiiseven.

In particular we have g5 = ¢5; = and ¢§ = q3;.

This means that the two paths p(90,1) and p(90,2) have a loop of the
same size and with the same indices. They are ¢iyq,yq; ...q% yq5,yq5; and
q5yq)yas . . . q3,y49%, Y495, respectively. Repeating this loop on both paths simul-
taneously generates a sequence of path pairs, which accept the input sequence
uv//w(j > 3)with monotonically nondecreasing acceptance degrees. But we have
got more. We have shown the periodic pumping property as well. Finally we have
also the generalized pumping property by letting M = 90.

It may be adequate to give a note at this place: the periodic pumping property
can be derived from the generalized pumping property. On the other hand, the
monotonic super-pumping property can be derived from the periodic pumping

property.
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4. CONCLUSIONS

It is well known that the classical finite state automata satisfy the pumping
lemma. So we want to see whether lattice-valued quantum automata also have
pumping property or not. In this paper it is shown that not all lattice-valued quan-
tum automata possess the strict pumping property. Then we have extended the
definition of pumping property and proposed the concepts of super(sub)-pumping
property, periodic pumping property, monotonic pumping property, and general-
ized pumping property. We have proved that all lattice-valued quantum automata
(including those of type A and those of type B) have monotonic super-pumping
property. In addition, it is proved that all lattice-valued quantum automata have
periodic pumping property and generalized pumping property.
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